LARGE-SPHERE AND SMALL-SPHERE LIMITS OF 
THE BROWN- YORK MASS 



XU-QIAN FAN, YUGUANG SHI\ AND LUEN-FAI TAM^ 

Abstract. In this paper, we will study the limiting behavior of 
the Brown- York mass of the coordinate spheres in an asymptoti- 
cally flat manifold. Limiting behaviors of volumes of regions re- 
lated to coordinate spheres are also obtained, including a discus- 
sion on the isoperimetric mass introduced by Huisken [13]. We will 
also study expansions of the Brown- York mass and the Hawking 
mass of geodesic spheres with center at a fixed point p of a three 
manifold. Some geometric consequences will be derived. 



1. Introduction 

In this work, we will discuss the large-sphere limit of the Brown- York 
mass in an asymptotically flat manifold and the small-sphere limit of 
the Brown- York mass near a point in a three dimensional manifold. We 
will also discuss the behaviors of large-sphere limit and small-sphere 
limit of other interesting quantities. 

Let us first recall some definitions. In general relativity, asymptot- 
ically flat manifolds have great interests in many problems. In this 
paper, we adopt the following definition of asymptotically flat mani- 
folds. 

Definition 1.1. A complete three manifold {M,g) is said to be asymp- 
totically flat (AF) of order T (with one end) if there is a compact subset 
K such that M\K is diffeomorphic to \ Bii{0) for some R> and 
in the standard coordinates in M.^, the metric g satisfies: 

(1.1) gij = Sij + aij 
with 

(1.2) \aij\+ r\daij\ + r^\ddaij\ + r^\dddaij\ = 0(r~"), 
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for some constant 1 > r > |, where r and d denote the Euclidean 
distance and standard derivative operator on respectively. 

A coordinate system of M near infinity so that the metric tensor in 
these coordinates satisfies the decay conditions in the definition is said 
to be admissible. Note that some of the results in the following do not 
need decays of the third order derivatives of (7^. 

Definition 1.2. The Arnowitt-Deser-Misner (ADM) mass (see [1]) of 
an asymptotically fiat manifold M is defined as: 

(1.3) mADM{M) = lim I {gij^i - giij)u^dE'^^, 

r-^oo 167r Js^ 

where Sr is the Euclidean sphere, dH^. is the volume element induced 
by the Euclidean metric, v is the outward unit normal of Sr in and 
the derivative is the ordinary partial derivative. 

We always assume that the scalar curvature is in L}{M) so that 
the limit exists in the definition. Under the decay conditions in the 
definition of AF manifold, the definition of ADM mass is independent 
of the choice of admissible coordinates by the result of Bartnik [2]. 

Let (f2, g) be a compact three manifold with smooth boundary dVt. 
Suppose the Gauss curvature of dVt is positive, then the Brown- York 
quasi-local mass of dVL is defined as (see [6, 7]): 

Definition 1.3. 

(1.4) ruBY (dn) = ^ / {Ho- H)dT. 

Stt Jan 

where H is the mean curvature of dfl with respect to the outward unit 
normal and the metric g, is the volume element induced on dfl by 
g and Hq is the mean curvature of dfl when embedded in M^. 

The Brown- York mass is well-defined because by the result of Niren- 
berg [17], dQ can be isometrically embedded in and the embedding 
is unique by [12, 19, 18]. In particular, Hq is completely determined by 
the metric on dQ. However, this is a global property. In contrast, the 
norm of the mean curvature vector of an embedding of dQ into the light 
cone in the Minkowski space can be expressed explicitly in terms of the 
Gauss curvature, see [5]. Hence in the study of Brown- York mass, one 
of the difficulties is to estimate J^^ Hodll. We will use the Minkowski 
formulae [15] and the estimates of Nirenberg [17] in this regard. 

In the first part of this paper, we want to study limiting behaviors 
of Br own- York mass on large spheres. We will verify the following: 



large-sphere and small-sphere limits 
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Theorem 1.1. Let {M,g) be an asymptotically flat manifold of or- 
der T > I with one end and let Sr be the coordinate spheres in some 
admissible coordinates. Then 

lim mBviSr) = rnADM{M). 

r—^oo 

Here mBviSr) is the Brown-York quasi-local mass of Sr, andmADM{M) 
is the Arnowitt-Deser-Misner (ADM) mass of M. 

Theorem 1.1 was observed and proved to be true by many people, see 
the works of Brown- York [7], Hawking-Horowitz [11], Braden-Brown- 
Whiting-York [4] and Baskaran-Lau-Petrov [3], see also [22]. However, 
in this paper, we will use a different method to derive Theorem 1.1. 
Interestingly, our method leads to the following volume comparison 
result. Let V{r) be the volume with respect to an AF metric g of 
the region inside Sr and let Voir) be the Euclidean volume inside the 
surface Sr when embedded in M^. 

Theorem 1.2. Let {M,g) be an asymptotically flat manifold of order 
r > I with one end. Then 

(1.5) Voir) - V[r) = -2mADM{M)nr^ + oir^). 

Hence if the ADM mass is nonnegative, then lim^^oo ''"~^(^('") ~ 
^oif^)) ^ 0. Combining this with Positive Mass Theorem, if we further 
assume that the scalar curvature is nonnegative, then the limit is zero 
if and only if M is isometric to R^. 

In [13], a notion of isoperimetric mass miso{M) of an AF manifold 
is introduced by Huisken. It is defined as: 

mrso = lim sup (v{r) ^A^r)] 

r^oo A{r) \ Qti2 J 

where V{r) is as before and A{r) is the area of the coordinate sphere 
with respect to the AF metric. Using the method of proof of Theorem 
1.2, Miao [16] proves that the isoperimetric mass and the ADM mass of 
an AF manifold are equal. We will include Miao's result in this work. 

In the second part of the paper, we will consider the small sphere 
limit of the Brown- York mass. Let r be the distance to the fixed point p, 
and R{p) is the scalar curvature evaluated at p. We have the following: 

Theorem 1.3. Let {N,g) be a Riemannian manifold of dimension 
three, p be a fixed interior point on N, and Sr be the geodesic sphere of 
radius r center at p. For r small enough, we have 
(1.6) 

3 5 

ruBYiSr) = ^R{P)+T^ [24|i?ic|^(p) - 13R'{p) + 12 AR{p)]+0{r'), 
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where, A is Laplacian operator of {M,g) and \Ric\ is the norm of the 
Ricci curvature. 

Let M be an AF manifold with nonnegative scalar curvature. Sup- 
pose the Brown- York mass of the coordinate spheres converge to zero, 
then M must be the Euclidean space by Theorem 1.1 and the Positive 
Mass Theorem in [20, 23]. By Theorem 1.3, we have similar result near 
a point p. Namely, assume i? > in a neighborhood of p, then 

(1.7) lim^^^^>0. 

Equahty holds if and only if {N,g) is fiat at p and R vanishes up to 
second order at p. 

There are results on the small-sphere limits obtained by Brown-Lau- 
York [5] . They consider a cut Sr with an affine radius r of the light cone 
at a point p in a Lorentz manifold. Using the light cone of reference, 
they show that the expansion of the quasi-local energy is: 

E=^Tabn''n' + o{r^), 

where Tab is the energy momentum tensor and n is the unit future 
pointing time like vector defining the choice of the affine parameter. 
In our case, if we consider the Lorentz manifold M. x N with metric 
g — —dt'^ + g, and suppose the metric satisfies the Einstein equation: 

Rab — -^Rgab = SiTlTab- 

Let n — -^he the future pointing unit normal, then 

R{p) 47rr3 

— — — TabU n . 

12 3 

Hence term of the expansion in our case is similar to that in [5]. 
However, we are using Euclidean reference and we only consider the 
time symmetric case. 

In the case of vacuum space-time, Brown-Lau-York [5] also obtain 
the term in the expansion of £■ as follows: 

^5 

^5 = ^Tabcdrfn''a''n'' 

where Tabcd is the Bel-Robinson tensor, which depends only on the 
curvature tensor (and the metric). In Theorem 3.1, the space-time 
is not vacuum in general and is time symmetric. The coefficient of 
the term depends not only on the curvature tensor, but also on 
the derivative of the scalar curvature. For the sake of comparison, in 



large-sphere and small-sphere limits 



5 



our case, one can compute that Tqooo = |(4|-RicP — R'^). We use the 
definition of Bel-Robinson tensor as in (5) of [8] 

Next we want to compare the expansion of the Hawking mass with 
the expansion of the Brown- York mass for small spheres. Recall the 
definition of the Hawking mass. Let {fl, g) be a smooth three manifold 
with boundary and let H be the mean curvature on with respect 
to the outward unit normal, the Hawking quasi-local mass is defined 
as (see [10]): 

Definition 1.4. 

1(91^1^/2 f r \ 

(1-8) m„iaa) = LA_[,,,.jj^,^-^ 

where dT, is the volume element induced on dfl by g and \dVL\ is the 
area ofdQ. 

With the same notations and assumptions in Theorem 1.3, the ex- 
pansion of mniSr) is given by: 

(1-9) m„{Sr) = ^R{p) + ^ {6AR{p) - 5R\p)) + 0{r'). 

One can sec that mBviSr) and mniSr) are equal up to the term with 
order r"^. However, the terms of order are different. In particular, 
if the scalar curvature is zero near p, but it is non-flat at p, then 
r~^mBYiSr) > and muiSr) = 0{r^) for small r. 

As in the large-sphere case, one can also compare V{r) and Vo(r), 
where V{r) is the volume of the geodesic ball of radius r at p and Voir) 
which is the volume of the region bounded by Sr when embedded in 

The paper is organized as follows. In Section 2, the limit of behavior 
of Brown- York mass in large sphere and volume comparison are proved; 
in Section 3, small sphere limit of Brown- York mass and Hawking mass 
and small sphere volume comparison are proved. 

The authors would hke to thank Robert Bartnik, Yanyan Li and 
Pengzi Miao for useful discussions. 

2. LARGE-SPHERE LIMIT 

In this section, we will first prove the following theorem (Theorem 
1.1). 

Theorem 2.1. Let {M,g) be an asymptotically flat manifold of or- 
der T > I with one end and let Sr be the coordinate spheres in some 
admissible coordinates. Then 



lim mBviSr) = rnADM{M). 

r— »oo 
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Here mBY^Sr) is the Brown- York quasi-local mass of Sr and mADM{M) 
is the Amowitt-Deser-Misner (ADM) mass of M. 

Consider an AF manifold (M, g) with coordinates {x^,x^, x^) so that 
Qij satisfies the decay conditions in Definition 1.3. Let n — n^-^ be 
the unit outward normal of Sr and rii — QijuK Then 

(2.1) n' = and rii 



r Vr r Vr 



1 



where r = (2^*)^ j ^ • The metric induced on Sr is hij = gij — riifij 

and the second fundamental form is Aij = h^lh^jn^.^i, where rik-^i is the 
covariant derivative of with respect to g. 

Lemma 2.1. With the above notations and assumptions, on Sr we 
have the following: 



where H is the mean curvature and K is the Gauss curvature 
of Sr. 

(ii) 

dT.r = (1 + h'^aij + O(r-'O) ^ dT^l- 

Hence 

A{r) = 47rr' + ^ / /i^V^.-dE, + 0{r^-^^), 

J Sr 

where A{r) is the area of Sr with respect to g. 

Proof, (i) is well-known, see [14]. For the sake of completeness, we 
derive it as follows: 

(2.2) |Vr|2 = l-^^^ + C'(r-2-) 



and 

(2.3) _ d 



1 + {9'' - 



dx^ 
= 0(r-^-). 



x'^x^ 



large-sphere and small-sphere limits 



So 

(2.4) 

and 



(2.5) 



X 



n- 



- + o(r-n 

r 



^3 



dfx" 



dx^ V T I Vr I 



x'^x^ 



+ 0(r-^-") 
+ 0(r-^-"). 



where Ff^- are the Christoffel symbols. Let = g^^hki- Using the fact 
that n has unit length, we have 



(2.6) 



; I ^ij 



n-i-j 



Jtj_ 
r 



x'^x^ 



Oir 



-1-T\ 



From this and the fact that the curvature of M decays like r~^~'^, 
the estimates of H and K follows. 

(ii) Let ei and 62 be orthonormal frames on 5"^ with respect to the 
Euclidean metric, then 



(2.7) 



(fi'(ei, ei)g{e2, 62) - /(ei, 62)) ^ rfS° 

(1 + a(ei, ei) + (j(e2, 62) + 0{r-^^)) ^ 

[1 + (ei(x')ei(x^) + e2(x>2(a;^)) (7^,- + ©(r""^)] ^ 



1 + ( Vox* • Vox' - 
dx^ dx^ 



dx^ dx^ \ 
dr dr J 



(Tij + 0{r 



-2t\ 



1 + ( Sij 



dr dr 



a,j + 0{r-'^) 



(Hi 



(l + /i'V,,+0(r-2-))2rfS° 



where Vq is the derivative with respect to the Euclidean metric and '•' 
is the standard inner product in M^. The last statement follows from 
this immediately. □ 
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Lemma 2.2. 

(2.8) / Hd^r = + 47rr - 87rmADM{M) + o(l) 

JSr 



as r ^ oo. 



Proof. Let m — niADMiM). By Lemma 2.1 and the first variational 
formula, we have 



dr iVr 

(2.9) 



HdK + I ^^^dE, + 0{r'-^^) 



where we have used (2.2). 

On the other hand, by Lemma 2.1, we have 



(2.10) 



^A{r) = 87rr + i y ^ (/i^V^,) rfS, + ^ J h'^a^jdJ^r + 0{r'-^^) 
^Jsr r rJs, ' 

where aij^k = Now, as in [14, (5.17)]: 



(2.11) 

r /T ■ ■ 1 rpi rpj rph 
J Sr 



dx^ \ r J r'^ 







= -2 



aijx'^x^ 



JSr JSr 
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Combining this with (2.10), by Lemma 2.1 and the definition of ADM 
mass, we have: 

(2.12) ^A{r) = + 47rr + /" ^^ciE° - 87rm + o(l). 
dr r Js^ r'^ 

By (2.9) and (2.12), the lemma follows. □ 

By Lemma 2.1, if r is large enough, then the Gauss curvature of Sr 
is positive. So Sr can be isometrically embedded in uniquely up to 
an isometry of by [17, 12, 19, 18]. The following lemma says that 
the embedded surface (rescaled) is very close to the standard sphere as 
r — > oo. 

Lemma 2.3. Let {M,g) be an AF three manifold with (1.1) and (1.2) 
forr > |, and let Sr be coordinate spheres. For r large enough, there 
is an isometrical embedding Xr of Sr in such that: 

Xr-no^r + (r^-^) 

(2.13) 2 

Ho^- + Hi with Hi^O {r~^~^) 

as r — >• +00, where Uq is the unit outward normal to the surface Xr, 
is the inner product in M^, and Hq is the mean curvature of Xr- 

Proof. For r > 0, define a map x = ry and pull back the metric to the 
y space. Let the pull back metric be g. Let h be the induced metric 
on the coordinate spheres in y. 

= r'^Qij - fiifij 

where hij = ^(^,a^), etc. and gij = 5'(^, gfj) etc. Also hi = 

y^/{p\Vp\g) is the unit normal on |p = (YI^^i (z/*)^) ^ — constant|. 
Then 

Consider the following metric on Ep = {y| \y\—p}: 

dsl = r~'^hij 
^2 15) ~ 9ij ~ hihj 
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Clearly, the standard metric on Sp, is 



(2.16) dsl^h%^5,^-y^. 



Direct computations show 

(2.17) \\dsl-dsl\\^ = 0{r-^) 

for I < p < 2. Note that Ei is the unit sphere. By [17, p. 353], we can 
find an isometric embedding of (S^, dsl) into 'M? such that 

(2.18) ||X,-Xo||2 = 0(r-^) 

where Xq is the identity map. Since Xq ■ uq = 1 where no is the unit 
outward normal of the unit sphere, we have X^ • no,r = 1 + 0(r~'^), 
where no,r is the unit outward normal of the surface X^. If we identify 
Sr with metric induced by g with (§^, h). then X^ = rX^ is an isometric 
embedding of S^- with metric induced by g. From this it is easy to see 
that the first part of (2.13) is true. 

By (2.18), we know that Hq — 2 — O (r^^), where Hq is the mean 
curvature of Xr- After rescaling rXr, we can get the second part of 
(2.13). □ 

Lemma 2.4. Let {M,g) be an AF manifold with the properties (1-1) 
and (1.2), and let Sr be coordinate spheres. We have 

(2.19) / i/o^^E, = 47rr + ^ + 0(r^-2^). 

JSr r 

Proof. By Lemma 2.3, for r large enough, we can find an isometric 
embedding Xr of Sr in such that Xr ■ uq = r + 0(r^~^). Let Hq be 
the mean curvature when Sr is embedded in M^. By Lemma 2.1(i), 
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By one of the Minkowski integral formulae [15, Lemma 6.2.9 ], we have 
/ H^dTir = 2 / KXr ■ riodUr 

*} Sr ^ Sr 



Xr ■ ngdllr + 2 / KXr ' fiodH 



(2.20) = + 2 /" K{r + (r^-^)) dK 

^ «/ Sr 

= ^ + 2r/i^rfE. + 0(r--) 

JSr 



6Vo{r) „ 2^(r) 



r 



2 



+ 87rr - + 0(r^-^^) 



where Vo(r) is the volume of the interior of the surface Xr in M^. On 
the other hand, from Lemma 2.3, Hq = ^ + Hi with Hi = O [r^^^^]. 
By another Minkowski integral formula, we have 



(2.21) 



2A{r) = I HoX ■ TiodEr 



+ / HiX ■ riodJ^r 

f -ISr 



QVoir) 



- 2A{r) +r f H^dllr + O (r'-'^) 



So 

(2.22) / ff„rfE, = _5M:)+i^ + 0(r'-). 

Prom (2.20) and (2.22), the lemma follows. □ 

Proof of Theorem 2.1. The theorem follows immediately from Lemmas 
2.2 and 2.4. □ 

In Theorem 2.1, 5"^ can be replaced by slightly deformed spheres. 
More precisely, we have: 
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Corollary 2.1. Same assumptions as in Theorem 2.1. Suppose p is a 
smooth function on M such that 

(2.23) \p-r\+r\d{p-r)\+r'^\dd{p-r)\+r^\ddd{p-r)\ = 0(r'') 
for some < k < 1 — r. Then 

lim mBy(Ep) = mADM{M) 

p— >oo 

where Hp is the level set of the smooth function p. 

Proof. Let y = = F{x). Then one can show that ij is also a co- 
ordinates system of M at infinity so that the metric tensor in this 
coordinates satisfies the decay conditions (1.1) and (1.2). Note that 
is nothing but the coordinate spheres in the y-coordinates. Hence the 
corollary follows from the uniqueness of ADM mass by [2] . □ 

With the notations as in the proof of Theorem 2.1. Let V{r) be the 
volume with respect to an AF metric g of the region inside Sr- We can 
compare V{r) and Vo{r) (Theorem 1.2): 

Theorem 2.2. With the above notations. Let {M,g) be an asymptot- 
ically fiat manifold of order t > | with one end. Then 

(2.24) Voir) - V{r) = -2mADM7^r^ + o{r^). 

Proof. Let m = rriADM- With the same notations as in the proof of 
Theorem 2.1, by (2.2) and the co-area formula we have 

(2.25) 

-A{r) + \ / ^dE. + 0(r-^^). 

Here and below ' is the derivative with respect to r. On the other hand, 
by (2.8) and (2.9) we have 

(2.26) M{r) = '^ + ATir-STim+ I ^^^^rfE, + o(l). 

r Jsr f 

Eliminating the term jg ^^^^^dE^ from (2.25) and (2.26) we have 

(2.27) Mir) = + 47rr - Svrm + - i2V'ir) - 2A{r)) + oil). 

r r 

Hence 

{rA{r))' = Airr'^ - Snmr + 2V'{r) + o{r) 

and 

1 27rr^ 

(2.28) V{r) = -rA{r) — + 2nmr^ + o{r^). 
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On the other hand, by (2.20) and (2.21), we have 

1 27rr^ 
(2.29) Voir) = -rA{r) - ^ + 0{r'-^-). 

Hence 

Vo(r) - V(r) = -27rmr^ + o(r^) 

because r > |. 

□ 

Combine this with Positive Mass Theorem, we have the following 

Corollary 2.2. With above notations, let {M,g) be an AF manifold of 
order T > |. If the scalar curvature is nonnegative, then 

V(r)- Vo(r) > 

and equality holds if and only if {M,g) is isometric to R^. 

Prom the proof of Theorem 2.2, Miao [16] is able to obtain the fol- 
lowing. Thanks to Pengzi Miao, we include the result and the proof 
here. 

Corollary 2.3. In an AF manifold M, the ADM mass and the isoperi- 
metric mass introduced by Huisken [13] are equal. 

Proof. Recall that the isoperimetric mass of M is defined as 

2 / la 

miso = limsup — -— V{r) r«^^(r; 

A{r) V 67r2 



r— »oo 



Now by (2.28) 
(2.30) 



V{r)-\Ai{r] 



A{r) V 67r2 

1 / 47rr"'^\ 1 1 

= r+{m-'-)(\-I + 0(r-^')) - |; ("l + ij + 0(r-'')') + 
— m-\- o(l). 

where 
SO that 

A{r) = 47rr' (l + X + 0(r-'^)) , 
see Lemma 2.1(ii). Prom this the result follows. □ 



14 



Xu-Qian Fan, Yuguang Shi and Luen-Fai Tam 



3. SMALL-SPHERE LIMIT 

In this section, we will first study the small-sphere limit of the Brown- 
York mass of geodesic spheres up to order where r is the geodesic 
distance from a fixed point. Let {N^, g) be a three dimensional manifold 

and let p E N . Let {x*} be the normal coordinates near p. By [21, 
Chapter 5], we have the following expansion of g near p: 

Lemma 3.1. For any point x dose to p, the metric components of g 
in the normal coordinates can he expressed as 

(3.1) 

gij{x) = % + -Rikij{p)x^x^ + -Rikir,m{p)x^x^x'^ 

+ {^^Riklr,mn{p) + ^Rikls{p)R3mns{p)^ X^X^X^'x'' + O (r^) 

and 
(3.2) 

g = det (gij) 
= 1 - ^Rij(p)x'x^ - ^Rij-kip)^'^^^'' 

~ (^^^^•^''^^^ + ^Rhijm{p)Rhklm{p) - ^Rij{p)Rkl{p)^ x'x^x^x^ + O(r^), 

where r is the geodesic distance from p, Rijki is the Riemannian cur- 
vature tensor, Rij is the Ricci curvature and R is the scalar curvature 
with respect to the metric g, and Rikij-m is the covariant derivative of 
Rijkl ^tc. 

In our notations, the sectional curvature is nonnegative if Rijij > 0. 
In the following, we always assume that the normal coordinates are 
chosen so that at p the Ricci curvature is of the form R^j — \i5ij where 
Ai, A2, A3 are the eigenvalues of Rij. 

Lemma 3.2. Let A{r) be the area of geodesic sphere Sr — {\x\ — r} 
with radius r in {N, g) with center at p, then: 

(3.3) A{r)^Anr^ + A4 + AQ + 0{r^), 
where 

(3.4) A, = -^i?, A, = ^ {AR^ - 2|i?ic|^ - 9Ai?) 

9 o75 

where, A is the Laplacian operator with respect to metric g and \Ric\ 
is the norm of the Ricci tensor. Here all the terms involving curvature 
are evaluated at p. 
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Proof. By (3.2) 



where 



bo — —-RiiX^x^ 



(3.5) 



Hence 



b3 

&4 



6 



V{r) = / ^dvo 



Br 



where dvQ is the volume element with respect to Euclidean metric and 
Bj. = {x\ \x\ < r}. Since |^| = 1 in metric, 

A{r) - V'{r) 



(3.6) 



Sr 



l{b2 + bs + b,)-^bl + 0{r') 



= Anr' + \ I b,dJ:'^ + \ I L hi) + O(r^) 



where dT^l is the area element of Sj. with respect to the Euclidean 
metric. Since jg (x*)^ ciE° — |7rr^, by (3.5) and the fact that Rijx^x^ — 



(3.7) 

Noting that 
(3.8) 

64 = -^Rij-kix'x^x" 



1 



/i,m \ / \ ij 



1 

20 



— — Rij;kl-^ •^'^ 



i,j \ k,l / 
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Let US first compute Jg (Rijx^x^)'^ (iE°. By symmetry 

(3.9) / {x'Y = ^7rr^ for i = 1, 2, 3 
and for i ^ j, 

(3.10) f (xVy^S^ 

«/ Sr 



We have 



(3.11) 



J Sr 

1 

Since the dim AT = 3, by [9, p.276], at p 

Rijkl = QikRjl — QilRjk — QjkRil + QjlRik ~ idikdjl — 9il9jk) 

(3.12) I 

— ^ikRjl — ^ilRjk — ^jkRil + ^jl^ik ~ 2^ i^ik^jl ~ ^il^jk) 

and hence on Sr'- 
(3.13) 

Rijkix'x' = (^A, + A/ - I) x^x' - Su Xkix'^f + (^X, - 1^ j . 

Using (3.10), we have 
(3.14) 

/ y^ly^Rmx^A dT!i = [ y2(xi+K-^)\xyYd^'r 

E(A-.A.-f)^ 



large-sphere and small-sphere limits 17 

Clearly, by (3.13), (3.9) and (3.10), we have 
(3.15) 

We have similar formula for the case i = Z = 2 or 3. So 
By (3.14) and (3.16) we have 

(3.17) J ^ |'^7?,,,,a;V'j dS" = ^ (28|i?ic|^ - 67?^) Trr^ 

i,l \ j,k / 

Finally, let us compute Jg Ylii j kiR-irM^^^^ symme- 
try Rij-kix'^x^x^x^'dY^^ — unless x'^x^x^x^ is of the form (x"*)^, or 
(a;"^)^(a;"')^ with m ^ n. 

(3.18) 

Z 1^ 1 Sr 



15 



^ / i?ii;ii(xi)^ciE°+ /" i?n;22(x^x2)2ciE°+ I R^^,^^{x^x^f(nZ 

J Sr Sr Sr 

+ / (-Rl2;12 + i?12;2l)(a;V)2dE°+ / (i?i3;l3 + i?13;3l)(a;V)2(iE^ 

«/ St *^ Sr 



4 g 4 g 

-7rr -Rll;ll + Yg^^ (-Rl2;12 + -Rl2;21 + -Rl3;13 + -Rl3;31 + -Rll;22 + -Rll;33)- 



Similarly, one can prove that 
(3.19) 



= -7rr i?22;22 + ^5^'" (-R21;21 + -R21;12 + -R23;23 + -R23;32 + -^22;!! + -R22;33), 
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and 
(3.20) 



J2 [ RsjM^^x^x'^x'dJ:''^ 
j,k,i -^^r 



4 g 4 g 

-TTr i?33;33 + Yq^'" (-R31;31 + -R31;13 + -R32;32 + -R32;23 + -R33;ll + -R33;22)- 



Hence 



(3.21) ''"''""^ 



J2 I Rij-M^'x^x'^x'dTP^ 



By the second Bianchi identity, we see that 

i 

Therefore, we have 

(3.22) J2 J RijM^'x^x'^x'dT.^.^^ARip). 

The lemma follows from (3.5), (3.6), (3.7), (3.8), (3.11), (3.15), (3.17), 
and (3.22). □ 

Corollary 3.1. With the notations and assumptions as in Lemma 3.2, 
let H he the mean curvature of Sr with respect to g, then 

(3.23) f i7dE, = 87rr + ^^ii^ + 0(r6). 

JSr r 

Proof. By the fact that |Vr| = 1, we have 

The corollary then follows from Lemma 3.2. □ 

By [17], and the fact that for r small {Sr,g\sr) has positive Gauss 
curvature, one can isometrically embed {Sr,g\sr) 

Lemma 3.3. For r small enough, there is an isometric embedding Z 
of geodesic sphere Sr into such that 

(3.24) ^ • ^ = ^ + ^ (f - 2^^^-^) + ^(^')' 
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where n be the outward unit normal vector of Z{Sr) in and ' is the 
inner product in R^. 

Proof. For r > 0, we define a map x = ry and pull back the metric g 
to the y space and let h be the metric r''^g induced on the unit sphere 
in the y space. As in the proof of Lemma 2.3, in order to prove the 
lemma it is sufficient to prove that for r small, we can find an isometric 
embedding Zr of (S^, h) in such that 

(3.25) Zr-nr^l + j(^^-2j2 A.(/)') + O(r^), 

where Ur is the unit outward normal of ^^(S^). 

Let h be the induced metric of r'^gf on the unit sphere S^, where 

Let h be the metric on induced by the pull back of the Euclidean 
metric given by the embedding Z = [z^, z^, z^) in where 

We claim that 

(3.26) ||/i-/i||c3 + ||/i-/i||c3 = 0(r^) 

where the norm is computed with respect to the standard metric. Sup- 
pose the claim is true, then by [17], we can conclude that there are 
isometric embeddings Z^, Z and Z for (§^,/i), (§^,^) and (S^,^) re- 
spectively such that 

(3.27) \\Zr-nr- Z ■h\\ = 0{r^) 

where fi is the unit outward normal of Z(§^). Then we can prove the 
lemma by computing Z ■ h. 

Let us first prove the claim and then compute Z -h. It is easy to see 
that \\h — h\\ci = 0{r^) by the expression of g in Lemma 3.1 and the 
definition of ^. 
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To find h, by (3.13), on the unit sphere of the y space: r~'^gij ~ 
Sij + Gij, and \ij = -(Aj + Aj) + f , then 



5ii = 








S'ss = 


y(Ai3(?/^)' + A23(?/'r) 







In the above last equation the repeated indices is not taken summation. 
Let ci = do = ttidi, e-i = (sin6')~^(?0 = bidi. Then 

ai = cos 9 cos 0, a2 — cos 9 sin 0, 03 = — sin 9;bi — — sin 0, 62 = cos 0, 63 = 0. 

Note that 

y^ — sin ^ cos 0, = sin ^ sin 0, = cos 9. 
Hence in the basis {ei, 62}, ^ is given by 

/ill = 1 + y (A23 sin^ (f) + A31 cos^ 0) , 
(3.28) /i^2 = -z- (-A13 + A23) cos 9 cos sin 0, 

O 

/i22 = 1 + — (A12 sin^ 9 + Ai3 cos^ 9 sin^ + A23 cos^ 9 cos^ 0) . 



Next we want to compute h. 

iz')e = {y')e fl + ^ff -A2-$:A,(yO 



^2 




6" 1 




^2 




6" 1 








6" 1 





t\2 



and 
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r"^ R 



r'^ R 



6 \ 2 

r2 (R 
6 I 2 



Hence 



r"^ R 



1 + 



-E^^((^0^+(^^)')) 



1 + y ( ^ - Ai cos^ - Aasin^ - A3 ) + O(r^) 



1 + y (Aia cos^ + A23 sin^ 0) + 0{r^) , 
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f R 



sin^ e + 



R 



sin^ e 

sin^ e 



/R 



1 + — ( — - — Ai (sin^ (f) + cos^ (f) sin^ 9) — A2 (cos^ (f) + sin^ sin^ ^) 



3 V2 
+ 0{r^) 



1 + — (A12 sin^ 6 + Ai3 cos^ 6 sin^ + A23 cos^ 6* cos^ 0) 



+ 0(r^), 



and 



Za ■ Za 



— ("-^13 + -^23) sin Q cos 6' cos sin + O(r^). 
3 



Thus, we see that 



(3.29) 



This completes the proof of the claim. Next we want to compute Z ■ n. 
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Let A = {y\y\y^), B = Ae, C = ^A^, A = (Ai,^,^), B = 
{Bi, B2, S3), and C = {Ci, C2, C3) where 

= ^ (f - A. - E M.^^) - (e 

Note that A, B, C are orthonormal and positively oriented in for 
A e S^. Let ei = and 62 = ^j^^c/) as before. Then 

Z-ZiAZ2 = {A + A)-{B + B)A{C + C) 

= A-BAC + A-BAC + A-BAC + A-BAC + O(r^) 

Now 

= ( 2" ~ (-^1 cos^ + A2 sin^ + A3) 1 . 



Gsin^^ \ 2 



f sin^^-E A. (/r«in^^) 



^2 \ 
= -g- ( — - (Ai (sin^ + sin^ 9 cos^ 0) + A2 (cos^ (p + sin^ 9 sin^ 0) + A3 cos^ 9) j . 



So 

(3.30) 



Z • Zi A Z2 = 1 + 



6 V 2 



3E^^(^')')+^(-')- 
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Noting that 



\Zl^Z2\^ 

= IH [(Ai3(cos^ + cos^ sin^ 0) + A12 sin^ + A23(sm^ + cos^ cos^ 0))] + O (r^) 

3 

we have 

(3.31) |ii A i^r' = 1 + ^ 5^ A,(/)2 + O (/) . 

Combining (3.30) and (3.31) 

This completes the proof of the lemma. □ 

Lemma 3.4. Let K and H he the Gauss curvature and the mean cur- 
vature of Sr in g and Hq be the mean curvature of {Sr,g\sr) when 
embedded in R^. Then 

IRA rV-' 

(3.33) K^- + ^--R,,'-^ + 0{r), 

(3.34) h=--'-R,,^ + 0{t'), 

r 6 r 

and 

(3.35) H,^l+r{^^-\R^,''-^yO{r^). 

Proof. We continue to use the normal coordinates as in Lemma 3.1. 
Then n = ^ is the outward normal of 5*^. Let hij = gij — riirij, be 

the induced metric on 5*^ with Ui = y. By Lemma 3.1, the Christoffel 
symbols are given by: 

(3.36) rf. = i {Rkimj + Rkjmi) + 0(r2). 
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where the curvature are evaluated at p. Since V„n = 0, the second 
fundamental form A in these coordinates is given by 



Aij — rij-i 
(3.37) ^^P^ 

= — r ^^kirnj + O . 

Let ei, 62 be orthonormal frame with respect to the Euclidean metric 
on Sr and let Ai and A2 be the eigenvalues of A. Then 

(3.38) 

A(ei, ei)A(e2, 62) - ^^(ei, 62) 



A1A2 



5'(ei,e2)5'(e2,e2) - 6-^(61,62) 

( - l^kimj—^ (ei(x*)ei(x^) + e2(x*)e2(x^)) + 0(r) j 



X 



1 - \Rikmjx''x^ (ei(a;>i(a;^) + e2(a;0e2(a;^)) + 0{t^) 



^ \ - ^Rkimj^^^ {ei{x')ei{x^) + 62 (a;*) 62 (a;-')) + 0(r) 

1 1 x'^x™ ^ . . 

= ^ - 3i?fcm^ + 0(r), 

where we have used the fact that (6a(a;*))^ = 1 and ea(X^j(a;*)^) = 
on for a = 1, 2, and the fact that 



ei{x')ei{x^) + 62 (a;*) 62(0;^') = 6ij - 



Hence by the Gauss equation, for x & Sr, 

K{x) = A1A2 + hiVR,,ki{x) 
(3.39) = - - -Rkm^ + -hVR,^u{p) + 0{r) 

To T Zi 

11 4 x^x-^ 
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where h^^ = g'^^ — n^nK On the other hand, for x G 5*^ 

(3.40) 
H{x) = h'^Aij 

where we have used the fact that W^x^x^ — 0. 

It remains to prove the last assertion. Let Zr be the embedding as in 
the proof of Lemma 3.3. One may conclude that by an isomctry of M?, 
we have \\Zr — Id\\2 = O(r^), where Id is the identity map of S^. Let 
Hr and Kr be the mean curvature and Gauss curvature of Zr(S^). Let 
Ci and 62 be orthonormal frames on §^ with respect to the standard 
metric, then the metric tensor h and the second fundamental form A 
of the surface Zr(S^) satisfies: 

(3.41) h{ea, Cb) = Sab + Oiab, A{ea, Cb) = 5ab + /3a6, 

where = O(r^) and = O(r^). Hence we have 

Kr = l-Q;ii-Q;22+/3ll+/322+0(r^), Hr = 2-Q;ii-Q;22+/3ll+/322+0(r^). 

After rescale to an embedding of {Sr.,g\sr) we conclude that 

X = ^ (1 - an - q;22 + + P22) + ^(r^) 

and 

Ho ^^{2- ail - Oi22 + + (^22) + 0{r^). 

From these and (3.33), (3.35) follows. □ 

We are ready to prove the following (Theorem 1.3): 

Theorem 3.1. Let {N,g) be a Riemannian manifold of dimension 
three, p he a fixed interior point on N , and Sr be the geodesic sphere of 
radius r center at p. For r small enough, we have 
(3.42) 

3 5 

rriBYiSr) = Y^RiP) + ^ [2A\Rtcf{p) - 13R'{p) + 12AR{p)]+0{r'), 
here, A is Laplacian operator of (M, g) . 
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Proof. For r small, let Z be the isometric embedding of {Sr, g\sr) in M'^ 
as in Lemma 3.3 and let Hq be the mean curvature of Z(Sr) in W. Let 

R 4 „ x^x^ . . f R x'x^ 



By Lemmas 3.4 and 3.3, we have 

K = ^ + ko + 0(r), i^o = ^ + /ii + C)(r2), Z ■ n = r + + 0(/). 

As in the proof of Theorem 2.1 in section 2, by one of the Minkowski 
integral formulae [15, Lemma 6.2.9] and Lemma 3.4, we have 



(3.43) 



HodJ^r = 2 / KZ ■ ndT.r 



f Z-ndHr + ^l {K-^){r + n3)dJ:r + 0{r'') 

t/ Sr *^ St 

t/ Sr ^ Sr 

= Gr-^Voir) + Snr - + 2 [ konsdE,. + O(r^), 



where Vo(r) is the volume inside Z{Sr) in M^. 

By another Minkowski integral formula, we obtain 

(3.44) 

2A{r) = / HqZ ■ ndEr 

J Sr 



= / -Z-ndE,+ / (i^o--)(r + n3)c^E, + 0(r^) 

= 6r-Wo{r)+r I Hod^r - 2A{r) + j himdJ^r + 0{r'^) 

*) Sr *^ Sr 

= 6r-Vo(r) + r / HodUr - 2A{r) + r ! km^dllr + O(r^). 

«/ (Sy «/ Sr 



Hence 



(3.45) / H^dllr = -6r-Vo(r) + Ar'^Air) - j koU^dEr + O(r^). 

«/ Sr *f Sr 
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By (3.43) and (3.45), we have 
(3.46) 

/ HQdEr = 4:T:r + r~^A{r)+ I koUsdEr-^ j koUsdEr + 0{r^) 

= 87rr + ^'^^' + ^ / kon:,dT.r + 0{r^) 

where we have used Lemma 3.2. Combining this with Lemma 3.1 we 
have 

(3.47) / {Ho - H)dJ:r ^ , 3-44 + 5^6 ^ 1 /- ^^^^^j^^ + ^(^6) 

Now by (3.7) and (3.11) 
(3.48) 

/■ , ,^ f /R 4^ x'x^\ (R ^„ x'x^\ ,^ 

/ kon^dY^r = — / 1 — - -^Rij—^ 1 1 — - ^R-ij—^ ) "^r 

«/ Sr 



„3 



r 
6" 

5 





3^'^' 






— 2i?jj 


x^x^ 


2" 








R 


- 3^?^, 






— 2Rij 


x^x^ 


2" 


r2 j ' 







^ !^ (64|i?zc|2 - 23i?=^) . 



The theorem follows from (3. 47), (3. 48) and Lemma 3.2. □ 
As a corollary, we have 



Corollary 3.2. With the assumptions and notation as in Theorem 3.1, 
suppose R>0 in a neighborhood of p, then 

Equality holds if and only if {N, g) is flat at p and R vanishes up to 
second order at p. 



(3.49) lim^^^^^^>0. 



Proof. By the result of [22] on the positivity of Brown- York mass, we 
know that (3.49) is true. However, in this special case, one can deduce 
this from the theorem. In fact, if R{p) > 0, then by (3.42), we have 

hm — - = oo > 0. 

r— >0 T 

In case R{p) = 0, then R{p) is a minimum of R because it! > 0. It is 
easy to see that (3.49) is still true. 

It is obvious that if (iV, g) is fiat at p and R vanishes up to second 
order at p, then equality holds in (3.49). Conversely, if the equality 
holds in (3.49), then we must have R{p) = 0, VR{p) = 0, AR{p) = 



large-sphere and small-sphere limits 



29 



and \Ric\{p) = 0. Since R has a minimum at p, the Hessian of R has 
nonnegative eigenvalues. So the Hessian of R must be zero at p because 
AR[p) = 0. Moreover, since N has dimension three, \Ric\{p) = 
imphes that {N, g) is flat at p. □ 

Remark 3.1. From the proof, it is easy to see that (3.49) is true if 
Rip) — and AR{p) > and the equality holds only if g is flat at p. 

One should compare the corollary to the following fact: If M is an 
asymptotically fiat manifold with nonnegative scalar curvature, sup- 
pose the Brown- York mass of the coordinate spheres converge to zero, 
then M must be the Euchdean space. This follows from Theorem 2.1 
and the Positive Mass Theorem in Scheon-Yau [20] , Witten [23] . 

For the expansion of the Hawking mass, we have: 

Theorem 3.2. With the same notations and assumptions in Theorem 
3.1, we have 

(3.50) mniSr) = ^i?(p) + ^ (6Ai?(p) - m\p)) + O(r^). 

Proof. By Lemma 3.4, we have 

H ^- + H^ + 0{r^), 
r 

where Hi — —^RijX^x^ . Hence 

= -4r-2 + Ar-^H + + O (r^) . 

Then, 



/ H'^dJ^r = + - / Hd^r 

JSr ^ r Js, 

+ j HldTP, + 0{r'>) 

J.2 ^ y r r J Js, 

^16,r + ^ + ^+ / Hldi:', + 0{r% 

Jsr 



Hence 



16n- [ H'dEr^-^-^- f HldT!i + 0{r'). 

JSr r r JSr 
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On the other hand, 



^2(r) 2-n2r ( A. 



1 + TT^ + O(r^) 



(167r)i (167r)i V STrr^ 



327r V 87rr2 



So 



^^2 

By (3.11) and Lemma 3.2, the result follows. □ 



Hence the expansion of the Brown- York mass and the Hawking mass 
are equal up to order r'^. However, they differ on the term of order r^. 

As in the case of large-sphere limit, we can compare V{r) and Vo(r), 
where V(r) is the volume of the geodesic ball of radius r at p and VQij-) 
is the volume of the region bounded by when embedded in R^. 

Theorem 3.3. With the above notations, we have: 

(3.51) 

7 

Voir) - Vir) = -—Rr^ + ——{173R^ - A5A\Ric\^ - 27AR(p)) + O (r«) 
15 5o7U 

Proof. By (3.43) and (3.45) 

f HodJ^r = Qr-^Vo{r) + 87rr - "^^^^ + 2 j kon^dJ^r + 0{r^), 



and 



/ HodEr = -6r-Vo(r) + Ar'^Air) - / kon^dT^r, 

J Sr «^ Sr 



where /cq is as in (3.43). 
We have 



If o 

Vb(r) = \A[r) -J fconadE" - -nr' + O (r«) 
4 ^ /* 
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On the other hand, 

y(r)= / A{t)dt 





4 3 



+ / A^dt+ / Aedt + 0{r^) 

Jo Jo 

nr^ + + ^Ae + (r^) . 

5 7 



Hence 



Voir) - V{r) = ^rA, + ^rA^ -jf km^dYP^ + O (r«) . 

By (3.48) and Lemma 3.2, the result follows. □ 

By Theorem 3.3, we see that if scalar curvature is positive at p, then 
V^)(r) < V{r), for sufficiently small r. More precisely. 

Corollary 3.3. With the assumptions and notations as in Theorem 
3.3, suppose R> in a neighborhood of p, then 

Equality holds if and only if [N, g) is fiat at p and R vanishes up to 
second order at p. 

Proof. Similar to the argument of Corollary 3.2, one can derive the 
result from Theorem 3.3. □ 
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